A concrete model of computation for a topological algebra is based on a representation of the algebra made from functions on the natural numbers. The functions computable in a concrete model are computable in the representation in the classical sense of the Chruch-Turing Thesis.
Introduction
There are a number of competing models for computation on topological algebras.
Each model gives rise to a computability theory on specific algebras such as the topological field of real numbers or a Banach space. The models can be classified into two kinds. Abstract models of computation whose algorithms are invariant under isomorphisms and hence do not depend on specific representations of the algebra; and concrete models of computation whose algorithms are not invariant and do depend on a specific representation for the algebra. Under normal assumptions on data abstraction, abstract models define a subset of the functions that are computable in concrete models.
Usually, concrete models of computation are based on representations of the algebra that are built from (or can be represented by) recursive functions on the natural numbers. Therefore, the functions that are computable by concrete models are computable in the classical sense of the Church-Turing Thesis. In practice, such computable functions are also continuous in the topology. However, given these various approaches to computability, the question arises:
Is computability theory on topological algebras a stable theory, just as computability theory for algebra in the discrete case is stable?
Not surprisingly, this problem for the continuous case is considerably more involved than the problem for the discrete case.
In a concrete model of computation, a specific representation A4 of a space X is used to compute on X via algorithms on M. First, the set of computable elements of X is determined. An enumeration of the computable elements is used in the definition of the effective functions on X. In general, given spaces X and Y with models of computation M and N, respectively, the algorithms on and between enumerations of the computable elements determine the set of effective functions between X and Y.
In this paper we will be concerned with several classes of concrete models of computation for topological spaces: (ii) continuous domain representability (after Edalat [9, lo] );
(iii) type two enumeration (TTE) (after Kreitz and Weihrauch [14] and Weihrauch [33] ); and for metric and related normed algebras:
(iv) recursive metric spaces (after Moschovakis [IS]);
(v) axiomatic approach (after Pour-El and Richards [21, 22] ).
Each class represents a family of general methods for developing specific concrete models of computation for a class of topological spaces. Within each class both "good" and "bad" concrete computability models can be developed for a space, often with dramatic differences (e.g., in the case of the real numbers, the Cantor representation versus the decimal representation). This is a natural feature that the theory must accommodatein Klaus Weihrauch's phrase, "let the user decide!". We will prove a sequence of theorems that show that, under natural assumptions, these methods are all equivalent. This provides strong evidence that the theory of concrete models of computability on topological algebras is stable.
More specifically, the equivalence between models of computation takes the following form. First suppose that a space X is equipped with models of computation M and was initiated by Edalat and further developed by him and his group; see, for example, [9, 101.
In Section 2 we summarise the basic definitions for algebraic and continuous domain representability, and we introduce several notions of effective domain representations.
In particular, we introduce a notion of weakly efictive domain which for continuous domains has the semidecidability of the way below relation as a special case.
In Section 3, we introduce new notions of effective reductions and equivalence between effective domain representations. Using a weaker notion of effectivity for algebraic domains than those normally considered in the literature, we show that algebraic domain representations and continuous domain representations are effectively equivalent.
In the remaining part of the paper we consider only algebraic domains. In Section 4 we consider the Baire domain B, consisting of finite sequences and the Baire space of functions N + FV. We show that a space and its continuous functions are representable by a separable domain if, and only if, it is representable by a Baire space domain such that the computable elements and the effective functions coincide. From this representation we prove the effective equivalence between domain representability and Weihrauch's TTE.
In Section 5 we look at the equivalence between notions of computability on effective metric spaces and domain representability; this is based mainly on the work of Blanck [4,51. In Section 6 we consider the axiomatic framework for Banach spaces of Pour-El and Richards [22] and prove the effective equivalence with domain representability under the assumption that there is an effective generating sequence for the Banach space.
In Section 7 we provide some concluding remarks.
Algebraic and continuous domain representability
In this section we briefly recall some basic notions of domain theory and domain representability of topological algebras. Then we record several notions of effective domains. In particular, we introduce a notion of weakly efictive domain which for continuous domains has the semidecidability of the way below relation as a special case.
Basic definitions
For the basic theory of algebraic domains we refer to Stoltenberg-Hansen et al. [23] and for continuous domains to Abramsky and Jung [l] . A partial order P = (P; &, I) with least element I is a conditional upper semilattice with least element (abbreviated cusl) if whenever {a, 6) C P is consistent in P then a I._ b exists in P. The set of compact elements D, of a Scott-Ershov domain D is a cusl.
Let P = (P; C, 1) be a partial order with least element 1. Then I C P is an ideal if I is directed and closed downwards, that is, if (i) iEI, (ii) if aE/ and bCa then bEI, and (iii) if a,bEZ then (3cEZ)(aCc&bCc).
For a E P, the set [a] = {b E P: b & a} is an ideal, the principal ideal of a. The set p of all ideals of P, ordered by inclusion, is the ideal completion of P.
It is well-known that the ideal completion I' = (P; C, [I] ) of P is an algebraic cpo and that every algebraic cpo is obtained this way. In case P is a cusl then p is consistently complete and hence a domain.
The appropriate topology on a cpo D= (D; C, I), corresponding to the order theoretic notion of continuity, is the Scott topology: (I CD is open if (i) x E U& xcly+yeU, and (ii) ACD directed and UAEU+(~XEA)(XEU).
For an algebraic cpo (ii) can be replaced with (ii') x E U + (3~ E approx(x))(a E U). Note that the sets B, = {z ED: a C z}, for a E D,, form a topological base for the Scott topology. It is easy to see that a function f : D + E between algebraic cpo's is continuous if, and only if,f'is monotone and for each x ED and b E EC, b C f(x) + (3a E approx(x))(b & ,f(a)).
We now turn to continuous domains. Let D = (D; C, I) be a cpo. We say that x is wajl below y in D, denoted x < y, if for all directed A CD, y C u A + (32 E A)(x Cz).
Thus x E D is compact if, and only if, x is way below itself. A subset B of D is a basis for D if for each x E D, the set {a E B: a <x} is directed and x = u {a E B: Q <<x}.
A cpo is continuous if it has a basis. We call these continuous domains.
Consider a continuous domain D. Note that if x < y in D then x cl y. A critical property of the way below relation for D is that it is dense. In fact, it is strongly dense in the sense that if xi < y for i = 1,. . . , n, then there is z E D such that xi <z < y for each i. It is straight forward to see that << is strongly dense on any basis of D.
An abstract base is a structure (B; <, I) where + is a transitive relation which is strongly dense and I is a distinguished element satisfying (Vx E B) (I 4x A standard way of obtaining a domain representation for a space X is to find a suitable set P of approximations for elements in X. Then P normally has a natural information ordering which is a preorder. Taking the ideal completion of P we obtain an algebraic domain D representing X. For the reals [w we can choose P to be the set of closed intervals with rational endpoints, together with [w, ordered by reverse inclusion. The set of representing elements DR consists of the converging ideals, i.e., the ideals I such that n/ is a singleton.
Effective domuins
The effectivity of a domain D is determined by the ability to compute on the concrete approximations in D, i.e. on the cusl D, of compact elements of an algebraic domain or on a basis B of a continuous domain. There are various degrees of computability on a cusl or a basis and these will have an effect on the effective notions of a represented space. Of course, it is desireable to have as strong a notion of effectivity as possible for a given space. We will first state two notions of effectivity for algebraic domains. Then we will introduce a weak notion of effectivity for continuous and algebraic domains. (ii) R,(cc(nl ), . . ., a(n")) HRj(nl,.
. . ,n,), and (iii) the relation II 5 m H a(n) = cc(m) is recursive.
We often write (A,a) to denote that A is computable w.r.t. a. We say that A is computable if (A,cr) is computable for some a. In case (i) and (ii) hold but not necessarily (iii) we say that a is an efSective numbering.
In Sections 5 and 6 we will consider numberings CI : Cl, + A, where 0, C w need not be, and usually is not, r.e.
Let (ii) D is a semiefictive domain if C: is decidable and U is partial computable on D,.
When we want to make the numbering c1 explicit we write (D, a). Note that by density (iv) the set {a E B: a -: x} is actually directed under 4.
We are now in a position to define our weak notion of effectivity. It will depend on a basis B for the domain D and on an admissible relation < on B. We say that we require + to be a-semidecidable. Now we can isolate the computable elements in D. They are those that are effectively obtained using <-approximations. The set of (u., +)-computable elements in D is denoted by Dk. An index for x E DI, is an r.e. index for the set {H E w: x(n) 4x). We now turn to the notion of effective functions between weakly effective domains.
First we need the following definition. We may now develop the theory of weakly effective domains in the usual way. Here we will not do that but only note the following proposition.
Proposition 2.11. (i) Eflective functions take computable elements to computable elements unijh-mly.
(ii) l@ective functions are uniformly closed under composition. ( Ex, v) , if D and E are (weakly) effective and the reduction function f is (weakly) effective. We say that (D, Dx,p) and
and
p), and they are (weakly) efSectively equivalent if (D, Dx, p) < ef (E,E,Y,v) and (E,Ex,v) 6,~ (D,Dx,P).

Theorem 3.2. (i) Equivalent domain representations represent the same space and the same continuous functions.
( 
ii) (Weakly) tIfSectively equivalent domain represent&ions represent the same computable elements and the same (weakly) eflective functions.
Proof. (i) is trivial and (ii
that is, e is (<, <)-continuous. 
For each a, b E B, p([a]) = a so b < p([a]) ++ b <
The Baire domain
The Baire domain B consists of finite and infinite sequences of natural numbers ordered by the subfunction relation. More precisely, to establish notation, let [F = N + N, the set of all functions from N to N and let SEQ be the set of all finite sequences of natural numbers. Then B = SEQ U F is the Baire domain where x 5 y @x is a subfnnction of y. Note that B is a tree and that the compact elements B, = SEQ. The topology on 1F inherited from the Scott topology on IEI is the Baire space topology on iF.
We consider a standard computable numbering p : o -+ SEQ making (B, p) into an effective domain. By standard we mean that from a p-index of an element w in SEQ we can compute lb(w), the length of w, and w(i) for each i < lb(w). Furthermore we require concatenation * to be p-computable.
The following is the key lemma for our results. 
Thus cp restricted to [F, and hence cp, is surjective.
To show that cp is open it suffices to show that cp(B,) =B,(,.) for the basic open sets thus determined
by v E SEQ. For the nontrivial inclusion suppose q(v) 5 y.
Let y E lF be such that q(g) = y and let 4 = v * g. Then (p(g) = q(y) = y and .Y E B,., i.e. y E cp(B,). 0
As a corollary to the proof we have 
Clearly h(w) is defined, since if v C w then f 'h(W)(aC) C f (a,) L f(a,,), and h is computable. Furthermore h is monotone. For if w r w' and v&w then f IhCw)(a,.) 5 f 4"') (a,)c h(w'). Let h : SEQ + N be the computable function tracking h, i.e. i(w) is the computed index for h(w).
Now we define f-: SEQ + SEQ by induction, ,f(w * (i)) =f(w) * (i;(w * (i))).
Then f-is monotone and computable and hence extends to a continuous and effective We collect the main results of this section into the following theorem. 
Theorem 4.6. Let (D, SI) and (E, b) be &ctive domains. Then there ure open representutions (IEI, F, cp) und (B, F, I/I) of D und E such thut
Type two enumeration
The theory of type two enumeration or TTE is developed in [ 141 and also described in the comprehensive [33] . The idea is to generalise the basic definition of numbering from computable algebra, as described in Section 2.2, to separable topological algebras.
The code set is no longer the natural numbers; it is replaced by the Baire space 
Metric spaces
In this section we discuss certain notions of effective metric spaces and then construct effective domain representations for them. Most of the material here appears in the thesis [4] . This is a very general definition. Its weak point is that although distances between points must be computable reals, there need not exist an algorithm to enumerate the space, the equality relation between elements of the space need not be decidable, and calculations with distances are limited to those possible with the recursive reals.
EfSective metric spaces
An alternate definition is possible that strengthens the computability of the space and which is more appropriate for examples. To formulate the definition recall the concept of a computable structure from Section 2.2, and consider the idea of replacing the recursive reals with a computable ordered field of real numbers.
By an ordered field K we mean a field K = (K; f, .,O, 1; < The existence of a recursive or computable dense subset A of X allows us to define the computable elements of the metric space; these are the elements of X that can be approximated by computable Cauchy sequences of elements from A with computable modulus functions. The formal definitions are the same in both cases. To define the set & of computable elements of X we will embed the space X in the metric completion A* of A. So we may assume that A CX CA*. In particular, from the numbering ~1: Q, + A of the dense subset A we can construct a canonical numbering rK : Qah --j Ak of the set Ak of computable elements in the completion A*. Then we set Xk = X fl Ak, and give it the numbering c(, restricted to $'(&). (ii) Global uniform continuity: There is a recursive modulus function m : N + N such that for any x, y E X,
We note that the hypotheses in the definition imply that f is uniformly sequentially computable, i.e., there is a recursive function g : N + N such that for any index e of a computable sequence in X, g(e) is the index of a computable sequence in Y.
There is an important weaker version of GL-effectivity that involves uniform continuity with respect to a compact cover of the space.
Suppose that X = UnEw X, is a union of increasing compact sets, i.e., each X,, is compact and if m en then X, CX,,, such that for all x EX, there is an n with x E X,', the interior of X,,. Then a continuous function f :X + Y is GL-eflkctive on the compact cover if it is sequentially computable and (iii) Uniform continuity: There is a recursive modulus function m : N2 --7' N such that for any n, and x, y E X,,
Eflective domain representations of metric spaces
We now discuss effective domain representations of both kinds of effective metric spaces. In practice, the most useful is the stronger version. First we describe a standard method of creating a domain representation for metric spaces that can be made effective.
Let (X,d) be a metric space with a dense subset A. A formal closed ball is a notation F,,,, where a E A and r E Q+, the set of non-negative rational numbers. The formal ball is a name or syntax for a closed ball and we may write it semantically by Let P be the set of all permissible sets of formal balls. We need to extend the relation 5 to permissible sets:
F,., = {x EX: d(a,x)br}
We note that consistency is characterised by and we define the extended relation 3 by Given consistent permissible sets 0 and z, the supremum cr U 7 = g(o U 7) where g removes those formal balls in c u 7 properly contained in others.
The structure P = (P; &, 1, U, 1) is a cusl.
To make the representation we first take the ideal completion D = Idl(P) of the cusl P. Next we must choose which ideals in D we use to represent X. We define x to be approximated by ideal I if ('da E Z) ( is a quotient mapping. In summary:
VFO,, E a)(x E F,,,). An ideal I is converging
Theorem 5.6. The structure P = (P; L, t, U, I) is a cusl. The metric space X is represented by the ideal completion domain D = Idl(P) of the cusl P, using the set Dx of converging ideals and the quotient function v: Dx +X.
Consider the effectivity of the above domain representation in the two cases of effective metric spaces. First and foremost, in the case of an effective metric space X with computable dense subset A, all the above relations are decidable under the natural coding of formal balls. It is decidable as to whether or not a set of formal balls is permissible. Using these ideas, it was proved in [3- 
dky)<r + d(f(x),f(y))<M(r).
The Pour-El and Richards axiomatisation
In this section we show that, under natural conditions, the axiomatisation in Pour-El and Richards [22] of computable Banach spaces is equivalent to the domain representability of Banach spaces. To be more precise, any computable Banach space in their sense endowed with an effective generating sequence has an effective domain representation such that the computable elements and the computable functions coincide. Conversely, any effective domain representation of a Banach space gives rise to a computability structure on the Banach space in their sense.
The axioms
For simplicity in the presentation we restrict ourselves to real Banach spaces. For ease of reading we recall briefly the Pour-El and Richards axioms. They axiomatise the computable sequences CX of a Banach space X, rather than computable elements in X; the latter are obtained from the computable constant sequences. Below we assume the basic theory of computable reals; see e.g. Part I of Pour-El and Richards [22] and, for an effective domain representation of [w, Stoltenberg-Hansen and Tucker [28] . We denote the set of computable sequences of computable reals by Crw- We now come to the key definition which characterise the sensible computability structures on Banach spaces.
Definition 6.2. Let (X, Cx) be a computable Banach space. Then (X, Cx) is efictiuely separuble if there is a computable sequence e = (e,) E CX such that the linear span (e) of e by the rationals is dense in X. The sequence e is called an efictive generuting sequence.
The point of an effective generating sequence is that every computable sequence is described in an effective manner from the effective generating sequence.
Effective Density Lemma 6.3 (Pour-El and Richards [22]). Suppose (e,) is an efictiue generating sequence for (X, CX). Then a sequence (xn) E C', if, and only if; there is a double sequence (p,,k) E CX such that d(G)
Pnk = c
unkjej, j=O where (ankj)
is a computable triple sequence of rutionals, d is a recursive fimction, and p,,k -+x,, as k + 00, eflectively in k and n.
As an immediate and important corollary we have Stability Lemma 6.4 (Pour-El and Richards [22] ). Let e = (e,) be a sequence whose linear span is dense in X. Let Cx and Cfi be computability structures on X such that e E CX and e E Ci. Then CX = C$.
Numberings
Normally in a theory of computation one is acutely concerned with algorithmic uniformities. One simply wants to know if a certain construction is uniform, i.e. if one can compute an effective presentation of the resulting object from effective presentations of the components of the construction.
Or one wants to know that it is not uniform. For example, it is not of much use to know only that a function takes computable elements to computable elements if one actually wants to compute the function. In [22] algorithmic uniformities are hidden or absent. From the point of view of modelling computations, this can be both confusing and misleading. Nonetheless, their proof of the Effective Density Lemma is uniform in the sense that the sequence (pnk) asserted to exist can be computed uniformly from the given sequence (x,). To express this precisely we introduce numberings of a computability structure with an effective generating sequence.
Below we make the following assumption of our computable Banach space.
Assumption I. (X, C,)
is a computable Banach space with an effective generating sequence e = (e,) E CX.
Let (e) be the linear span of e = (e,) generated by the rationals. It is an easy exercise to define an effective numbering CI : co 4 (e) such that addition is a-computable and also multiplication by rationals is r-computable, and such that (e,) is an cr-computable sequence. Note that it follows that the additive inverse is cr-computable. Of course, we do not claim that equality is a-decidable. Thus, the numbering LX is effective in the sense of Stoltenberg-Hansen and Tucker [28] . We fix such a numbering IX. Often we will write a, for a(n). Now we construct a computability structure C, over X with e E C, as follows. Let q : N* -(e) be an a-computable double sequence. We say that J.nk.q(n, k) is a fast cauchy sequence for (&) if &,k +x, as k+ 0;) for each n, and t bk + llqntq&j/ 62-k.
Suppose p and m define the computable sequence (xn) E C, as in Definition 6.5. Define
Then q is a-computable uniformly in p and m and 11x, -q,k)j <2-ck+'). Thus q along with the modulus function m'(n, N) = N witness the fact that (x,) E C, and i.nk.q(n, k) is a fast Cauchy sequence for (x,). Lemma 6.6. Let (X, CX) be an efictively separable computable Banach space and let C, be as above. Then C, C C,.
Proof. Each a-computable sequence in (e) is in C, by axiom (i). If (x,) is in C, then by definition there is an a-computable double sequence (P,,k) in (e) such that ( pnk) approaches (xn) effectively in k and n. But (&,k) E CX so (xn) E CX by axiom (ii). 0 Lemma 6.7. C, is a computability structure for X.
Proof. Consider axiom (i).
Let (x,) and (yn) E C,, let (Q) and (fink) be computable double sequences of recursive reals, and let d : N + N be recursive. Let the double sequences (JM) and (qnk) in (e) witness that (x,) and (y,) E C,, respectively, and let (u,kr) and (unkt) be corresponding triple sequences of rationals for (cl,k) and (B,,k).
Thus (u,nt ) and (v,,k {) are a-computable sequences and have corresponding computable modulus functions. Now define Then (vnt ) is an cr-computable double sequence in (e). We must show that there is a recursive modulus function m for (m,) and (s,), where
But using the usual inequalities we obtain
Thus, using the assumed modulus functions, it is straightforward to define the required modulus function.
To prove axiom (ii) let (x,,k) E C,, witnessed by the x-computable triple sequence (pnkf) of elements in (e). We may assume that (p&t) is a fast Cauchy sequence, i.e. /Ix,k -pnktll <2-(I+'). Now suppose lim&,a x,k =x, effectively in k and n with modulus function m. Define the cc-computable double sequence (qn,) Proof. This is contained in the proof of Lemma 6.7 for axioms (i) and (ii). For the uniformity of axiom (iii) note that (Ija,il) is a p-computable sequence where Q is a standard numbering of [Wk.
From an E-index of (x,) we obtain an a-computable function p: N2 --f (e) and a recursive m : N2 + N such that for k>m(n,N)
IllPnkll -II&lllGlIPnk -462-N.
Thus IIpnklI + lIx,ll effectively in k and n. But the sequence ( IIpnkll) is p-computable (uniformly) and hence (Ilx,ll) is a p-computable sequence uniformly in the g-index for (x,) by the effective completeness of p. 0
In the setting of an effective generating sequence we may as well take the more traditional approach and consider computable elements rather than computable sequences.
Definition 6.10. Let (X, CX) be a computable Banach space with an effective generating sequence e = (e,) and let c( : w + (e) be the canonical effective numbering of (e). Then x E X is computable if there is an a-computable sequence p : N + (e) and a recursive modulus function m : N + N such that
The set of all computable elements is denoted by (2':'. Analogous to the case of computable sequences in CX we have a numbering E of C:'. We say that (j, 4) is an g-index of x if j and i are recursive indices for p and m witnessing that x E C:'.
We put G( (@, 6)) =x. Let Szg be the set of all &indices. Then G : Szg + Cl' is a numbering of C;'.
Lemma 6.11. A sequence (x,) is an &computable sequence iji and only $ (x,,) E C.X = C,. The equivalence is unijorm in that from an index jar the S-computable sequence (x,,) we eflectively obtain an &index for (x,) and conversely.
Proof. Let f : w + R,-be a recursive function such that x,, = jr,f'(n). Using the standard Kleene notation, let p(n,k) = {(f'(n))oHk) and m(n, N) = {(f(n))r j(N).
Then p and m witness that (x,) E C, and indices j and fi for p and m are obtained effectively from f. The converse is equally trivial. 0
The computable elements C/;' of X in the sense of Pour-El and Richards are those elements x E X for which the constant sequence (x,x,. . .) E CX.
For each .X E Ct' the constant sequence (x,x,. . .) is &computable and hence in C,.
Clearly, if (x,) E CX then each x, E C$. Thus, in particular, C:' = C$'. We will first treat the case when the computable Banach space (X, CX) is an effective metric space in the sense of Definition 5.1.3 and provide an effective domain representation. Then we briefly indicate how to get a weakly effective domain representation for the general case when the computable Banach space (X, CX) is a weakly effective metric space.
Let (X, C,) be a computable Banach space which is recursively separable with an effective generating sequence e = (e,). Let (e) be the linear span generated by e and the rationals and let tl be the numbering of (e) described in Section 6.2. Letting a, = cc(n) we know that (a,) E CX. We make the following assumption.
Assumption II.
There is a computable archimedian ordered field (K,y) such that the sequence (Il~ll) is a y-computable sequence in K. 
II I
~-~~,la,,+1l+"I.
proving monotonicity in the first argument.
It is routine to verify that the unique continuous extension of @ takes a pair of converging ideals to a converging ideal and that @ represents scalar multiplication. @(a,,) ), where (a,,) is the standard enumeration of (e), which is recursively separable.
Concluding remarks
The theory of models of computation for topological algebras is a supremely important research area in theoretical computer science as it draws from and impacts on many subjects in computer science, scientific modelling and mathematics. At present it is a rather diverse area of research with many separate ways of approaching the problem of computation.
In this paper we have focused on the theory of how computations are performed on concrete representations of the data in topological algebras. We formulated conditions for the equivalence between different representation methods and have proved a series of equivalences between five general approaches. One conclusion of our work is that the theory of models of computation for topological algebras is fundamentally stable, just as the theory of computability on the natural numbers and, more generally, the theory of computability on algebras are stable. The disparate approaches contain a wealth of concepts, techniques and results that are necessary in understanding what is a large and difficult area.
In the classical theory of computable functions the many disparate approaches are not (any longer) seen in competition with one another. The models of computation are equivalent but have different foci and features. We believe the same is true of the many approaches to the topological case.
Let us comment on the different concrete methods treated here. We see the methods as forming a spectrum differentiated primarily by the extent to which the methods focus on the concrete elements that are used to build the concrete representations.
In our own approach, the algebraic domains focus on the compact elements on which the computations take place: they are modelled explicitly and we are encouraged to study their structure in detail, as well as the approximation ordering and completion methods that produce infinite data from finite data. The use of continuous domains is similar in spirit in that computations are performed on a basis of the domain. In Weihrauch's TTE approach the concrete approximations are no longer explicit in the representing structures, the Baire space. They exist in the topology of the Baire space, and the recursive functionals take them into account. The effective metric space approach similarly focus on the spaces to the detriment of the concrete representing elements. And Pour El and Richards' axiomatisation is designed to hide the concrete representations.
Conversely, the spectrum of methods can also be differentiated by the extent to which the methods leave the topological algebra free of the details of the concrete elements and their concrete representations -the less attention to the representation, the freer the mind is to think about the algebras!
The above results were announced at the Dagstuhl Workshop on Computability und Complexity in Analysis, in May 1997 in two lectures by the authors. We thank the organisers for an unusually enjoyable and stimulating meeting.
